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gle recurrence point at ( i, j) does not contain any information about the current
states at the times i and j. However, from the totality of all recurrence points
it is possible to reconstruct the properties of the data. McGuire et al. (1997)
have shown the preservation of the dynamical properties for the distance matrix (2.11). However, the phase space trajectory can also be reconstructed from
the binary RP, where the information about the absolute length of the phase
space vectors is lost. The RP provides information for reordering the indices
of the phase space vectors so that the vectors are sorted by their norm. If the
cumulative distribution of the lengths of the phase space vectors is known,
the restored phase space trajectory will recover its amplitude by equating the
sorted indices with this distribution (Thiel, 2003).
In practice it is not useful and largely impossible to find complete recurrences in the sense xi = x j (e. g. the state of a chaotic system would not recur exactly to the initial state but approaches the initial state arbitrarily close).
Therefore, a recurrence is defined as a state x j is sufficiently close to xi . This
means that those states x j that fall into an m-dimensional neighbourhood (e.g. a
ball for the L2 -norm or a box for the L∞ -norm) with a radius ε i centered at xi
are recurrent. These x j are called recurrence points. In (2.6), this is simply expressed by the Heaviside function and its argument ε i .
In the original definition of the RPs, the neighbourhood is a ball (i. e. L2 norm is used) and its radius is chosen in such a way that it contains a fixed
amount of states x j (Eckmann et al., 1987). With such a neighbourhood, the
radius ε i changes for each xi (i = 1 . . . N) and Ri, j = R j,i because the neighbourhood of xi does not have to be the same as that of x j . This property leads
to an asymmetric RP, but all columns of the RP have the same recurrence density (Fig. 2.5D). Using this neighbourhood criterion we will use the parameter
ε for the predefinition of the recurrence density. This means that with a given
ε = 0.15 the real, locally chosen ε i is adjusted in such a way that the neighbourhood covers 15% of all phase space vectors, and thus the recurrence density is
0.15. We denote this neighbourhood as fixed amount of nearest neighbours (FAN).
However, the most commonly used neighbourhood is that with a fixed radius
ε i = ε , i. For RPs this neighbourhood was firstly used by Zbilut et al. (1991).
A fixed radius means that Ri, j = R j,i resulting in a symmetric RP. The type of
neighbourhood that should be used depends on the application. Especially in
applications of the later introduced cross recurrence plots, the neighbourhood
with a FAN will play an important role.
In order to compute an RP, a norm has to be chosen. The most known
norms are the L1 -norm, the L2 -norm (Euclidean norm) and the L∞ -norm (Maximum or Supremum norm). The neighbourhoods of these norms have differ10
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as artifacts.
Some authors exclude the LOI from the RP. This may be useful for the quantification of RPs, which we will discuss later. It can also be motivated by the
definition of the Grassberger-Procaccia correlation sum (Grassberger and Procaccia, 1983) which was introduced for the determination of the correlation
dimension D2 and is closely related to RPs:
Cm, ε =

1
N2

N

∑

Θ ε − xi − x j

.

(2.7)

i, j= 1
i= j

The correlation integral excludes the tests of xi with itself. Nevertheless, since
the threshold value ε is finite (and normally about 10% of the mean phase
space radius), further long diagonal lines can occur directly below and above
the LOI for smooth or high resolution data. Therefore, the diagonal lines in a
small corridor around the LOI correspond to the tangential motion of the phase
space trajectory, but not to different orbits. Thus, for the estimation of invariants it is better to exclude this entire predefined corridor and not only the LOI.
This step corresponds with suggestions to exclude the tangential motion as
it is done for the computation of the correlation dimension (known as Theiler
correction or Theiler window; Theiler, 1986) or for the alternative estimators of
Lyapunov exponents (Gao and Zheng, 1994) in which only those phase space
points are considered that fulfil the constraint |j − i | ≥ w. Theiler (1986) has
suggested using the autocorrelation time as an appropriate value for w, and
Gao and Zheng (1994) state that w = ( m − 1) τ would be a sufficient approach.
However, in a representation of an RP it is better to keep the LOI. Later, this
LOI will gain more importance when extensions of the recurrence plot strategies will be discussed.
In the literature further variations of the recurrence plots can be found:
• Iwanski and Bradley (1998) have defined a variation of an RP with a
corridor threshold [ε in , ε out ] (Fig. 2.5E),
m, [ε in , ε out ]

Ri, j

= Θ

xi − x j − ε in · Θ ε out − xi − x j

.

(2.8)

Those points x j are considered to be recurrent that fall into the shell with
the inner radius ε in and the outer radius ε out . The authors have suggested to use this kind of RPs in order to study “interesting structures”
in the RP. An advantage of such a corridor thresholded recurrence plot is its
increased robustness against recurrence points coming from the tangential motion. However, the threshold corridor removes the inner points
in broad diagonal lines, which results in two lines instead of one. These
13

Original

Plagiat

Michele Bacchereti: Sviluppo di modelli non lineari per l’analisi di segnali Elettroencefalografici

Norbert Marwan: Encounters with neighbours Current developments of concepts based on recurrence Plots and their applications

RPs are, therefore, not suitable for a quantification analysis. The usage
of a shell as a neighbourhood can be found in an algorithm for computing Lyapunov exponents from experimental time series (Eckmann et al.,
1986).
• Choi et al. (1999) have introduced the perpendicular recurrence plot (Fig. 2.5F)
Ri,m,j ε = Θ ε − xi − x j

·
· δ xi · ( xi − x j ) .

(2.9)

Here, δ is the Delta function. This recurrence plot contains only those
points x j that fall into the neigbourhood of xi and lie in the ( m − 1) dimensional subspace of Rm that is perpendicular to the phasespace trajectory at xi . These points correspond locally to those lying on a Poincaré
section. This criterion cleans up the RP more from recurrence points
based on the tangential motion than the previous corridor thresholded
RPs. The authors have shown the increased efficiency of the perpendicular RPs for their application on estimation of the largest Lyapunov exponent. Using this kind of an RP, the finding of unstable periodic orbits
(if they exist) is more robust.
• The RP contains, finally, tests of all states with each other, which results
in N 2 tests for N considered states. Still, it is also possible to test each
state with a predefined amount k of subsequent states (Zbilut et al., 1991;
Koebbe and Mayer-Kress, 1992; Atay and Altıntaş, 1999)
Ri,m,j ε = Θ ε − xi − xi+ i0 + j− 1

,

i = 1 . . . N − k, j = 1 . . . k.

(2.10)

This reveals an ( N − k) × k-matrix which does not have to be square
(Fig. 2.5H). The y-axis represents the time distances to the following recurrence points but not their absolute time. All diagonal oriented structures in the common RP are now projected to the horizontal orientation.
For i0 = 0, the LOI, which was the diagonal line in the common RP, is
now the horizontal line on the x-axis. With non-zero i0 the RP contains
recurrences of a certain state only in the predefined time interval after
time i0 (Koebbe and Mayer-Kress, 1992).
This representation of recurrences may be more intuitive than the RPs
usually are because the consecutive states are not oriented diagonally.
However, such an RP represents only the first ( N − k) states. Mindlin
and Gilmore (1992) have proposed the close returns plot which is, in fact,
such an RP exactly for one dimension. Using this kind of RP, a first quantification approach of RPs (or “close returns plots”) can be found (“close
14
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according to Eckmann et al. (1987) in this work.
It should be emphasized again that the recurrence of states is an important
feature. Beside the recurrence plots, there are some other methods that use
recurrences. For example, the recurrence in the phase space is used for the
recurrence time statistics (Kac, 1947; Gao, 1999; Balakrishnan et al., 2000), first
return map (Lathrop and Kostelich, 1989), space time separation plot (Provenzale et al., 1997) or as a measure for nonstationarity (Kennel, 1997; Rieke et al.,
2002, closely related to the recurrence time statistics).

2.2.2

Structures in Recurrence Plots

The initial purpose of RPs is the visual inspection of higher dimensional phase
space trajectories. The view on RPs gives hints about the time evolution of
these trajectories. The advantage of RPs is that they can also be applied to
rather short and even nonstationary data.
The RPs exhibit characteristic large scale and small scale patterns. The first
patterns were denoted by Eckmann et al. (1987) as typology and the latter as
texture. The typology offers a global impression which can be characterized as
homogeneous, periodic, drift and disrupted.
• Homogeneous RPs are typical of stationary and autonomous systems in
which relaxation times are short in comparison with the time spanned
by the RP. An example of such an RP is that of a random time series
(Fig. 2.6A).
• Oscillating systems have RPs with diagonal oriented, periodic recurrent
structures (diagonal lines, checkerboard structures). The illustration in
Fig. 2.6B is a rather clear periodic system with two frequencies and a frequency ratio of four (the main diagonal lines are divided by four crossing
short lines; irrational frequency ratios cause more complex periodic recurrent structures). However, even for those oscillating systems whose
oscillations are not easily recognizable, the RPs can be used in order to
find their oscillations (an example can be found in Eckmann et al., 1987,
cp. unstable periodic orbits).
• The drift is caused by systems with slowly varying parameters. Such
slow (adiabatic) change brightens the RP’s upper-left and lower-right
corners (Fig. 2.6C).
• Abrupt changes in the dynamics as well as extreme events cause white
areas or bands in the RP (Fig. 2.6D). RPs offer an easy possibility to find
18
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and to assess extreme and rare events by using the frequency of their
recurrences.

A

B

C

D

Figure 2.6: Characteristic typology of recurrence plots: (A) homogeneous
(uniformly distributed noise), (B) periodic (super-positioned harmonic oscillations), (C) drift (logistic map xi+ 1 = 4xi ( 1 − xi ) corrupted with a linearly
increasing term, cp. Fig. 2.9D) and (D) disrupted (Brownian motion). These
examples illustrate how different RPs can be. The used data have the length
400 (A, B, D) and 150 (C), respectively; no embeddings are used; the thresholds
are ε = 0.2 (A, C, D) and ε = 0.4 (B).
The closer inspection of the RPs reveals small scale structures (the texture)
which are single dots, diagonal lines as well as vertical and horizontal lines (the
combination of vertical and horizontal lines obviously forms rectangular clusters of recurrence points).
• Single, isolated recurrence points can occur if states are rare, if they do not
persist for any time or if they fluctuate heavily. However, they are not a
unique sign of chance or noise (for example in maps).
• A diagonal line Ri+ k, j+ k = 1 (for k = 1 . . . l, where l is the length of the
diagonal line) occurs when a segment of the trajectory runs parallel to
another segment, i. e. the trajectory visits the same region of the phase
space at different times. The length of this diagonal line is determined
by the duration of such similar local evolution of the trajectory segments.
The direction of these diagonal structures can differ. Diagonal lines parallel to the LOI (angle π /4) represent the parallel running of trajectories for the same time evolution. The diagonal structures perpendicular
to the LOI represent the parallel running with contrary times (mirrored
segments; this is often a hint for an inappropriate embedding). Since the
definition of the Lyapunov exponent uses the time of the parallel running of trajectories, the relationship between the diagonal lines and the
Lyapunov exponent is obvious (further explanation in Subsec. 2.2.3).
19
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Figure 2.7: (A, C) Illustrative example of the relationship between the slope of
lines in an RP and the local derivatives of the involved trajectory segments.
Since the local derivative of the transformation the time scales of the linear
and the hyperbolic sections corresponds to the derivative of a circle line, a
circle occurs in the RP. (B, D) A corresponding structure found in nature: the
solar insolation on the latitude 44°N for the last 100 kyr (data from Berger and
Loutre, 1991). RPs created without embedding.
1. Homogeneity → the process is obviously stationary
2. Fading to the upper left and lower right corners → nonstationarity; the
process contains a trend or drift
3. Disruptions (white bands) occur → nonstationarity; some states are rare
or far from the normal; transitions may have occurred
4. Periodic patterns → cyclicities in the process; the time distance between
periodic patterns (e. g. lines) corresponds to the period
5. Single isolated points → heavy fluctuation in the process; if only single
isolated points occur, the process may be a random process
6. Diagonal lines (parallel to the LOI) → the evolution of states is similar
at different times; the process could be deterministic; if these diagonal
lines occur beside single isolated points, the process can be from chaos
21
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except that the LOI is included. Nevertheless, the constraint for the correlation
sum, that a large amount of data points are needed, also applies to the RR
when used as an estimation of the correlation sum. In the limit
P• = lim

N →∞

1
N2

N

∑

i, j= 1

Ri,m,j ε ,

(2.17)

this measure becomes the probability of finding a recurrence point in the RP
(probability that a state will recur). With the knowledge of the probability ρ( x)
of the states where dimension m = 1 (or the maximum norm) the recurrence
rate can be analytically computed by using the convolution (Thiel et al., 2003a)
ε

P•ε =

ρ( x) ∗ ρ( x) dx.

(2.18)

−ε

This probability P•ε can be used to analytically describe the RQA measures for
some systems (Thiel et al., 2002, 2003a).
The next measures consider the diagonal lines. The frequency distribution
of the lengths l of the diagonal structures in the RP is Pε ( l ) = { li ; i = 1 . . . Nl } ,
where Nl is the absolute number of diagonal lines (each line is counted only
once in contrast to the cumulative distribution1 ). Processes with stochastic behaviour cause none or very short diagonals, whereas deterministic processes
cause longer diagonals and less single, isolated recurrence points. Therefore,
the ratio of recurrence points that form diagonal structures to all recurrence
points
∑ lN= l l Pε ( l )
min
,
(2.19)
DET =
∑ i,Nj Ri,m,j ε
is introduced as a measure for the determinism (or predictability) in the system.
However, this measure does not have the real meaning of the determinism of
a process. The threshold lmin excludes the diagonal lines which are formed by
the tangential motion of the phase space trajectory. For lmin = 1 the determinism is equal to the recurrence rate. The choice of lmin could be made in a similar
way as the choice of the size for the Theiler window (cf. remark on p. 13), but
one has to take into account that a too large lmin can worsen the histogram P( l )
and thus the reliability of the measure DET.
1

The cumulative distribution for the line length
Pcε ( l ) =

Nl

∑ ( i − l + 1) Pε ( i)
i= 1

counts each diagonal line several times, in the sense that a line of length l contains l lines of
length one, ( l − 1) lines of length two, ( l − 2) lines of length three . . . one line of length l.
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by Lathrop and Kostelich (1989). This can be used to find periodic orbits in
low-dimensional chaotic systems (Lathrop and Kostelich, 1989; Mindlin and
Gilmore, 1992; Gilmore, 1998). Since periodic orbits are more closely related
to the occurrence of longer diagonal structures, the measures DET∗ and L∗ are
more suitable candidates for this kind of study. The measure RR∗ have been
already used by Eckmann et al. (1987) for the study of nonstationarity in the
data.
The last RQA measure is the trend, which is a linear regression coefficient
over the recurrence point density RR∗ of the diagonals parallel to the LOI (for
definition see Eq. (2.34) in Subsec. 2.3.1) as a function of the time distance between these diagonals and the LOI
TREND =

∑ iÑ= 1 ( i − Ñ /2)( RRi

RRi )

∑ iÑ= 1 ( i − Ñ /2) 2

.

(2.23)

The trend gives information about a nonstationarity in the process, especially
a drift. The computation excludes the edges of the RP ( Ñ < N) because the
statistic lacks by reason of less recurrence points. The choice of Ñ depends
on the studied process. Whereas N − Ñ > 10 should be sufficient for noise,
this difference should be much larger for a process with some autocorrelation
(ten times the order of magnitude of the autocorrelation time should always
be enough). It should be noted that if the time dependent RQA (measures
are computed in shifted windows) is used, TREND will depend strongly on
the size of the windows and may reveal contrary results for different window
sizes.
In some publications a further measure, the ratio, can be found. It is defined
as the ratio between DET and RR (Webber Jr. and Zbilut, 1994) and can be
computed from the frequency distributions of the lengths of the diagonal lines
RATIO = N 2

∑ lN= l

min

∑ lN= 1

l Pε ( l )

l Pε ( l )

2

.

(2.24)

A heuristic study of physiological systems has revealed that this ratio can be
used in order to discover transitions, because it was found that during certain
types of transitions the RR can decrease, whereas DET does not change at the
same time (Webber Jr. and Zbilut, 1994).
Currently, a satisfying theory about the statistics of these measures of complexity has not been developed. Therefore, a reliable statement about the significance of these measures cannot be made. Nevertheless, a possibility for
assessing the significance of these measures lies in applying a sufficient surrogate test (but this works only for stationary processes).
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In a more theoretical study, Thiel et al. (2003b) have revealed analytical
solutions for the RQA measures of stochastic systems and maps. Gao and
Cai (2000) have studied the relationship between the RQA measures and a
divergence exponent which is closely related to the largest Lyapunov exponent. Furthermore, the clear relationship between the cumulative distribution
(cf. footnote on p. 23) Pc ( l ) and the second order Rényi entropy K2 has been
found (Faure and Korn, 1998; Thiel et al., 2003a). Referring to their studies
Thiel et al. (2003a), have stated that the distribution Pc ( l ) is related rather to K2
than to the largest positive Lyapunov exponent.
An appropriate embedding of time series is motivated by the desire to
avoid false nearest neighbours. However, in an RP false nearest neighbours
will occur as black dots, rather short black lines or (for a specific embedding)
as black lines perpendicular to the LOI (i. e. with an angle of − π /4). Whereas
the estimation of some invariants of the RP (like K2 ) are independent from the
embedding (and consequently does not need any embedding), the estimation
of the measures RR, DET, L etc. depends on the embedding and needs a sufficient choice (Thiel et al., 2003a).
All these RQA measures are based largely on the distribution of the length
of the diagonal structures in the RP. Additional information about further geometrical structures as vertical and horizontal elements is not included. In the
following, I will extend this quantitative view to vertical structures and propose new measures of complexity based on the distribution of the vertical line
length. Since we are using symmetric RPs, we will only consider the vertical
structures in the following.

2.2.4

New Measures of Complexity: Laminarity and Trapping Time

Let us consider a point xi of the trajectory and the set of its associated recurrence points Ri

Ri =

x j : Ri, j = 1 ; j

[1 . . . N ] .

(2.25)

Let us denote subsets of these recurrence points

Vi, j =

j + 1 . . . j + vj : xj

Ri ; x j+ 1 . . . x j+ v j

A

R i ; x j+ v j + 1

Ri

(2.26)

which form connected vertical structures of the length v j . In continuous time
systems with high time resolution and with an adequately large threshold ε
a large part of these subsets Vi, j usually corresponds to the tangential motion
of the phase space trajectory (cp. Subsec. 2.2.1 on p. 13), i. e. to the sojourn
points described by Gao (1999). However, not all elements of these sets are real
sojourn points. Although sojourn points do not occur in maps, the subsets Vi, j
continued on
following page
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are not necessarily empty because of laminar states. Furthermore, the finite
size of the threshold ε can pretend a tangential motion, although there are
rather small cycles instead of a tangential motion (e. g. Shilnikov chaos).
Next, we determine the length v j = Vi, j of all subsets Vi, j . Pi ( v) =
{ v j ; j = 1 . . . Nv } denotes the set of all occurring subset lengths in Vi (Nv is
the absolute number of the vertical lines), and from iN= 1 Pi ( v) we determine
the distribution of the vertical line lengths Pε ( v) in the entire RP.
Analogous to the definition of the determinism (2.19), we compute the ratio
between the recurrence points forming the vertical structures and the entire set
of recurrence points
∑ vN= vmin vPε ( v)
,
(2.27)
LAM =
∑vN= 1 vPε ( v)
and call it laminarity LAM. The computation of LAM is realized for those v
that exceed a minimal length vmin in order to decrease the influence of sojourn
points. For maps we use vmin = 2. LAM is the measure of the amount of
vertical structures in the whole RP and represents the occurrence of laminar
states in the system without, however, describing the length of these laminar
phases. LAM will decrease if the RP consists of more single recurrence points
than vertical structures.
We define the average length of vertical structures (cp. (2.20))
TT =

∑ vN= vmin vPε ( v)
∑ vN= vmin Pε ( v)

,

(2.28)

which we call trapping time TT. The computation also uses the minimal length
vmin as in LAM (2.27). The measure TT contains information about the amount
and the length of the vertical structures in the RP. It measures the mean time
that the system will abide at a specific state (how long the state will be trapped).
Finally, we use the maximal length of the vertical structures in the RP
Vmax = max ({ vl ; l = 1 . . . L} )

(2.29)

as a measure which is the analogue to the standard measure Lmax (2.21).
In contrast to the known RQA measures, these new measures are able to
find chaos-chaos transitions (Marwan et al., 2002b). Hence, these measures
make the investigation of intermittency possible, even if they are only represented by rather short and nonstationary data series. Since for periodic dynamics these measures are zero, chaos-order transitions can also be identified.
An application to the logistic map xn+ 1 = a xn ( 1 − xn ) illustrates the potentials of LAM, TT and Vmax . We generate for each control parameter a
[3.5, 4], Δ a = 0.0005 a separate time series (Fig. 2.8). In the analyzed range
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